We consider the synchronization and persistence of a system of identical lattice oscillators that are diffusively coupled to their nearest neighbours. Each subsystem has a compact global attractor. This is done in the framework of invariant manifold theory. Normal hyperbolicity and its persistence are applied to obtain general conditions for the stability and robustness of the synchronization manifold.
Introduction
here has been great interest in the synchronization of coupled oscillators on a one dimensional integer lattice. Aside from the mathematical interest in the problem, coupled oscillators occur in physics, engineering, communications, signal processing and many other areas see for instance (see for instance Afraimovich et al.(1992) , and , and references therein. In electrical circuit theory, much work is due to Chua and Roska (1993) , in particular in the studies of cellular neural networks (CNN). Metallurgy is another area where lattice systems are found ( see for instance Cahn (1960) ). Basic to the study of synchronization, two fundamental questions are of interest. The first is to do with the stability of the synchronization state of the system and the second is its robustness. Robustness of the synchronization state is its ability to be insensitive to small perturbations in the system that generates it. For coupled identical systems, the diagonal of the system is invariant. Synchronization is equivalent to the attracting property of the diagonal, which in turn is determined by the Lyapunov exponents normal to the diagonal. More specifically, if all the Lyapunov exponents normal to the diagonal are negative, then the coupled oscillators are synchronized. In T practice, for instance in the implementation of some model, various perturbations are unavoidable. Moreover, numerical computations of model equations deal with solving "perturbed models". For this reason, it is natural to address the question of not only the stability of the synchronization manifold but also its persistence or rather robustness under perturbations.
Much of the work on synchronization is on one dimensional lattice and deals mainly with its stability (see for instance the classical paper of Fujisaki and Yamada (1983) ). Normal hyperbolicity and the generalized Lyapunov exponents have been used to establish conditions for the stability and persistence of synchronization manifold for two dissipative systems each with a compact global attractor (see for instance Chow and Liu (1997), Josića (1977) ). There is less repertoire on this subject in the two-and three-dimensional lattices. The problem we consider in this paper therefore, is concerned with the synchronization, stability, and persistence of oscillations of a system of ordinary differential equations (ODE's) indexed by points in an m-dimensional integer lattice
This system is what we shall refer to as lattice differential equations (LDE's). By a lattice oscillator, we mean a system of LDE's with every lattice point having an attracting periodic orbit ( see for instance Chow and Liu (1997) , Wasike (2003) ). We look at these two phenomena for oscillators that are linearly and symmetrically coupled via a diffusion-like coupling to their nearest neighbours on m-dimensional lattices. This is how we approach this problem. We set the problem in the framework of dynamical systems and then consider the two aspects of synchronization based on invariant manifold theory. In particular, we shall apply the ideas of generalized Lyapunov exponents and normal hyperbolicity as defined in Fenichel (1971) , and Hirsch et al. (1977) respectively. This approach will enable us to compare the rate of growth in the transversal direction to the synchronization manifold and that along the manifold. We first look at the one-dimensional lattice, then proceed to the two-dimensional case. Most of the definitions basic terminology and some results will be given in § 2 while §3 deals with a two dimensional lattice. In every case, we give conditions that guarantee synchronization of oscillators and the stability of synchronization manifold under perturbation. We also give conditions under which the synchronization manifold is robust. §4 is the conclusion.
Let us suppose that the dynamics at every lattice site i is governed by the system of ODEs
where the dot "." denotes differentiation with respect to time
Suppose that, for each i, there is a compact global attractor for Equation (1); that is, there exist a compact set which is invariant under the flow defined by Equation (1) and the ω -limit set for each orbit of Equation (1) belongs to this set.
We shall now couple these systems to obtain one-and two-dimensional lattices.
One dimensional lattice
Now let us couple the 2 n ≥ identical subsystems in Equation (1) to yield 
M has a boundary and is inflowing invariant and locally attracting.
We refer to this set as the "diagonal" or the synchronization manifold in nd R , (see for instance Hale (1997)). For the system to be synchronized, the diagonal 1 M must be invariant and attracting under the flow defined by Equation (2). In many applications, we are usually interested in local synchronization; that is, instead of requiring global attraction of 1 M , we seek for local attraction. In this case we will say that the system in question is locally symmetrically synchronized.
Let us suppose that System (2) has a compact global attractor k M for each k. We say that Equation (2) is symmetrically synchronized if its solution z is in the set 1
persist under perturbation for synchronization to be of physical interest. (2) 
X z k be the vector field defined in Equation
We say that the synchronization manifold is Robust if
∈ ≪
Very often in the study of synchronization, systems have a natural invariant submanifold. A necessary and sufficient condition for such synchronization and persistence is normal hyperbolicity Mané (1977) . The manifold k M is normally hyperbolic if, under the dynamics linearized about the invariant manifold, the growth (decay) rate of vectors transverse to the manifold dominates the growth (decay) rate of the vectors tangent to the manifold, that is; the expansion (contraction) of the flows in the direction normal to the manifold is exponentially greater than the expansion (contraction) of the flows tangent to the manifold (see for instance Hirsch et al. (1977) , Mané (1977) ).
The growth/decay rates of vectors can be characterized in terms of Generalised Lyapunov exponents determined from the linearized equations of motion around the synchronization manifold (see for instance Fenichel (1971) , Wiggins (1994) ). Let us make this more precise. Consider the linearization of Equation (2) 
where ( ) 0 ; z t z is the solution of Equation (2) with ( )
is the Jacobian matrix of f at z. Assume there is an invariant splitting of the fundamental matrix solution of Equation (4), 
where, for a linear operator
is the domain of the operator L. The generalized Lyapunov exponents have been used in the study of normally hyperbolic invariant manifolds (see Hirsch et al. (1977 ), Fenichel (1971 , Chow and Liu(1997) Let us now show that Equation (2) (see for instance Lancaster and Tismenetsky (1995) Using transformation in (7) in Equation (2), we obtain ( ) Hale (1997) ). As the coordinate transformation in Equation (7) is linear, it follows that Equation (2) (8), this is equivalent to saying that { } 0 w = is exponentially stable. Since we are interested in local synchronization, the criteria of local attractivity of the synchronization manifold and its persistence is determined by the ratio of the growth rates of vectors transverse and tangential to it. The following theorem relates robustness and Lyapunov exponents.
Main results
In this section, we state and proof a theorem that relates robustness and Lyapunov exponents. For this purpose, we shall need some results due to Chow and Liu (1997) . These results make use of the well-known theorems in invariant manifold theory regarding persistence of invariant manifolds, (see for example, Fenichel (1971) , Hirsch et al. (1977), and Mané (1977) ) and they are stated thus: (2) Proof. Characterizing growth rates in the fashion described above requires knowledge of the linearized dynamics near orbits on the invariant manifold as . t → ∞ Linearization of (8) 
Lemma 1 (Chow and Liu (1997)). Consider Equation
is the Jacobian matrix of g at ( ) 0 y t the solution of Equation (1).
Notice that there is a continuous invariant splitting of ;
,
where ⊕ refers to the Whitney sum of the tangent and normal bundles. Since System (9) is uncoupled and
and d k I ∆ ⊗ commute, the fundamental matrix solution of Equation (9) .
completes the proof.
Two dimensional lattice oscillators
In this section we study the existence and stability of the synchronization manifold and its persistence. Results similar to those of one dimensional case can be shown to hold. All that one needs is to show that a synchronization manifold exists and make appropriate coordinate transformation which decomposes the flow along the invariant manifold into transversal and tangential flows and study the condition of normal hyperbolicity using generalized Lyapunov exponents.
Let us consider an x n n simple (or Bravais) square lattice. Let , 1 , , 
We also define the Kronecker sum of 1 ∆ with itself as: Lancaster and Tismenetsky(1985) for details on matrix tensor algebra).
Let us couple the subsystems 
This type of coupling corresponds to symmetric nearest neighbour diffusive coupling on a simple square lattice with Neumann boundary conditions. Writing Equation (12) in vector notation we obtain:
where the matrix ( ) ( )
For System (13) to be synchronized, the diagonal must be an invariant set which will be the case if all the ( ) ij g z are the same, and ( ) k Β has zero as an eigenvalue with the diagonal as the corresponding generalized eigenspace. In this situation, we must also have all other eigenvalues of ( ) 
A U ∈
It is trivial to show that Equation (13) Thus H 3 is satisfied. To proof that H 4 is satisfied, we need to make a coordinate transformation. The transformation used in one dimensional case can be rewritten to suit the two dimensional case as follows. 
where ( ) Using Equations (14) and (15), Equation (13) 
where ( 
